Based on single molecule surface-enhanced Raman spectroscopy (SERS) intensity distribution theory, a mathematical model is developed for highly sensitive biomolecular quantification using Raman mapping on SERS substrates with planar geometries.
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Based on single molecule surface-enhanced Raman spectroscopy (SERS) intensity distribution theory, a mathematical model is developed for highly sensitive biomolecular quantification using Raman mapping on SERS substrates with planar geometries.
INTRODUCTION
The high sensitivity of surface-enhanced Raman scattering (SERS) has played an vital role in revitalizing the interest in SERS, 1, 2 and in particular, applying this technique for low-abundance molecular quantification in various bioassays. A variety of SERS-active tags have been developed to label target molecules, 3, 4, 5 however, they have mainly been used for qualitative analysis.
Quantitative analysis based on SERS labeling can be an important new analytical chemistry technique, 6, 7, 8 but requires the development of an effective quantification methodology by collectively measuring an ensemble of Raman signal intensities. Unfortunately, reliable biomolecular quantification using SERS has been hindered by poor reproducibility and uniformity of substrates, which frequently leads to large signal variations in the collected samples. This is a critical problem in the statistical interpretation of SERS experiments, which has been theoretically investigated in the literature, [9] [10] [11] but has not yet been rigorously addressed in connection with the applied sensor field.
During a typical measurement, Raman signals are amplified by large electromagnetic enhancements, so-called hotspots, and are collected from a SERS substrate. These highly localized hotspots are believed to be formed between metallic junctions of noble nanostructures or nanoparticles. 12, 13 However, the acquisition of uniform SERS signals over a large area is particularly challenging as the signals significantly vary between hotspots with slightly different junction dimensions. Theoretically, an ideal approach to design such a sensing unit would be to precisely position one Raman active molecule (with surface functionalization strategies such as DNA origami or click chemistry) in the hotspot and eventually create an array-like configuration containing many of these units. Unfortunately, such precision for SERS substrate design and molecular positioning has not yet been achieved.
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Typically, analyte molecules are adsorbed onto the surface of a nanostructured SERS substrate at random locations by either drop coating or incubation methods using liquid samples containing the analyte. These methods for SERS measurements present several shortcomings. The surface coverage of the analyte molecules is not uniform and difficult to estimate due to the stochastic nature of the adsorption process; thus large spatial variations are expected in measurements over the SERS substrate area. At ultra-low concentrations, often used in single molecule (SM) studies, the probability for a molecule to be located exactly in a hotspot is extremely low, which leads to unreliable statistics due to the large portion of unoccupied hotspots, i.e., low number of detectable SERS signals. On the other hand, for each type of nanostructured substrate and analyte to be detected, there is a concentration regime for which the surface coverage of adsorbed molecules is optimal, such that an exponentially increasing relationship can be observed in the SERS signal intensity (emanating from the Raman active molecules) as a function of analyte concentrations. 14 Here, we developed a statistical method based on large-scale Raman mapping, which improves statistical reliability and reproducibility of collected SERS signals, by studying the intensity distribution of an ensemble of SERS signals and its statistical implications. This analytical model has the potential to be used as a quantitative tool in SERS sensing applications.
To demonstrate the significance of our approach, the following issues will be examined in this paper: (1) development of a theoretical model to fit and (2) quantification of experimental results based on SM principles, and (3) dependence of SERS responses on the number of probed molecules per unit area at picomolar levels.
In brief, the approach developed here takes advantage of the characteristic power law distribution of SERS hotspots collected from an ensemble of measurements over a large area. 
Thus, it provides not only a general theoretical framework to describe statistics of SERS signals requiring a minimum set of parameters, but also a novel method for low abundance biomolecular quantification.
THEORETICAL BASIS
SERS mapping experiments were carried out on gold (Au) decorated "leaning" nanopillar periodic arrays, 15, 16 in which each nanopillar was geometrically approximated as a spheroid attached to a column, where the spheroid represents the Au coated head of the nanopillar, while the column represents the silicon shaft which leans upon drying. Hotspots are assumed to be formed at the junctions of two metallic particles, that produce a detectable SERS signal. 12, 13, 17 For our particular nanopillar substrate, close (< 10 nm) proximity of spherical tips leads to the formation of hotspots, which gives rise to large SERS enhancements when analyte is trapped SERS enhancements on most substrates are highly non-uniform on the molecular scale.
Points of large electromagnetic enhancement or hotspots are highly localized and are so sparsely distributed that they can be often found within tens of nanometers of points with zero enhancements. For this reason, we defined the SM enhancement factor (SMEF) as the SERS enhancement induced by a given molecule at a specific point on the substrate. The SMEF is 
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dependent upon the Raman tensor of the probe molecule, which describes its orientation on the substrate and with respect to the local electromagnetic field at that point. It is also dependent on the SERS substrate orientation with respect to incident laser polarization 19 and direction. We assumed these parameters to be constant, since the substrate orientation was kept orthogonal to the incident laser beam, i.e., it was fixed, and 0° polarization was used in all experiments. Therefore, the SMEF is mathematically defined as:
where is the SERS intensity of the SM under consideration, while 〈 〉 the average Raman intensity of the same probe molecule, where the average is taken over all random orientations of the molecule in space. For our purposes, can be experimentally defined as the hotspot intensity originating from the fraction of probed TAMRA (5-carboxytetramethyl-rhodamine)-labeled vasopressin (TVP) molecules in the sampling spot (~ 1 µm 2 ) that give rise to detectable SERS signal due to their plasmonic interaction with the leaning nanopillars; whereas 〈 〉 as the average intensity measured on the SERS substrate. Then, by rearranging Equation (1), we obtain the SERS electromagnetic enhancement factor:
Thus, we showed that F is proportional to the measured intensity I by a constant factor 〈 〉. In general, F can be calculated using the Raman tensor of the probe molecule, its adsorption and scattering geometry, as well as its vibrational mode energy. 18 For simplicity, F can be expressed in a more general form such that: 
where Elocal is the local electromagnetic field; and E0 is the incident field magnitude. Based on Equation (3) and a theoretical framework describing enhancement factor distribution around a single SERS hotspot, 18 the probability density function (PDF) p(F) that a randomly positioned probe molecule experiences a given enhancement F was derived as:
which is a long-tailed distribution similar to the Pareto distribution. Since F is proportional to the measured intensity I for the same event (Equation (2)), an analytical expression analogous to Equation (4) can be derived to express the intensity distribution d(I) associated with the single hotspot model corresponding to a truncated Pareto distribution (TPD). It is truncated, since the distribution does not converge to I → ∞, but has a maximum value at Imax, which is the largest experimentally obtained intensity value in the sample. Therefore, we can approximate the intensity distribution by a TPD with only four parameters: k, A, Imax and Imin, which provides an accurate description for the large intensity regime:
where k is a decay constant that describes the rate of change of enhancement as we move away from the hotspot, A is a scaling factor that indicates the probability of finding a molecule when moving away from the hotspot (within 20 nm), 20 and Imax, Imin are the maximum, minimum intensity values of the hotspots respectively. The intensity distribution function, d(I) has the property that d(I) → 0 as I → ∞, which gives rise to the power rate convergence in the long-tail of the TPD.
While the intensity distribution model developed in the previous section only described a single hotspot, it is relevant to hotspot mapping experiments of leaning nanopillars, in particular for the picomolar concentration regime and < 1 µm 2 signal sampling areas. With increasing number of hotspots, the PDF of SERS intensity (Equation (5)) tends to a Gaussian distribution 
(central limit theorem), whose upper tail -used in data processing -can be approximated fairly well with a TPD.
Additionally, the detected SERS signal results from the summation of many SM signals located within the probed surface area (~ 1 µm 2 ), since the observed signal intensity can be expressed as the sum of signals from independent hotspots by the superposition principle. Since the Au nanopillar leaning direction is random, each dimer will be randomly oriented with respect to the incident field polarization. Only a dimer with (i) a smallest gap and (ii) parallel to the incident field polarization displays highest electromagnetic field enhancement, and (iii) a dimer should also contain a number of target molecules within the hotspot area (within 10-20 nm, picomolar concentration regime) which then produces a detectable SERS intensity. We therefore believe that recorded SERS intensities for each measurement point are dominated by a single hotspot.
Specifically, when the nanopillars are functionalized with vasopressin-specific aptamers, upon liquid evaporation, the pillars lean on each other forming highly enhancing hotspots, modeled as dimers of metallic spheres. When the TVP is introduced, it binds to the aptamers randomly distributed on the pillar heads. When vasopressin is trapped by an aptamer close enough to a hotspot, the TAMRA SERS signal is highly enhanced. Because of the random nature of Au-thiol bonding between aptamers and Au-coated pillar heads and the TVP binding to aptamers, statistically only a few TAMRA molecules may be positioned close to the hotspot at a time in the scattering volume. However, the majority of SERS signal will be derived from these particular molecules due to the predominant enhancement effects.
From the above formulated statistical arguments, in the theoretical domain, this particular problem deals with statistically equivalent observations of SERS signals collected on identical 
dimers of metallic spheres. In the case of vasopressin detection, using the leaning nanopillar approach, we experimentally measure the SERS signal from TAMRA molecules deposited on the Au-coated pillar heads. Here, in the experimental domain, statistics are determined by collecting a large ensemble of random measurements from the SERS substrate and compiling them into histograms. These two approaches are analogous to each other and are the basis for correlating SERS signal intensity to analyte concentration in this analytical quantification method.
RESULTS AND DISCUSSION
To experimentally determine the SERS intensity distribution, we chose the TAMRA peak at 1370 cm -1 as a diagnostic peak. For the quantification of TVP, we collected about 10,000 Raman spectra for the various analyte concentrations in the picomolar regime using point-by-point mapping (see Materials and Methods for acquisition algorithm). A typical SERS intensity distribution map for the diagnostic peak can be represented as a two-dimensional (2D) matrix (or heatmap) rendering intensity values at each 1 µm 2 mapping coordinate (Fig. 1) . As can be seen in Fig. 1 , the higher the TVP concentration, the more and brighter the pixels are seen in the map, implying that the probability of obtaining SERS hotspots increases with the total number of analytes adsorbed on the nanopillar surface.
To represent the SERS intensity distribution in another way, one can generate an intensity histogram rendering a large number of SERS events of randomly distributed molecules, in which the smallest and largest value on the x axis corresponds to the minimum and maximum of the top X% of all SERS signals measured during the Raman mappings. At 100 pM TVP, for the diagnostic peak 1370 cm -1 , such histograms were constructed for the top 5%, 10%, 20% and 100% of measured SERS signals ( Fig. 2A-D) , and was fitted with a Pareto function in the general form:
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. It was observed that there is a functional relationship between the coefficient of determination value (R 2 ) for the Pareto fit and the number of hotspots. This is demonstrated in Fig.   3 for the full range of hotspot percentages, which plateaus approximately at the top 20% cutoff value (R 2 ≈ 1.00, X = 20%). At this inflection point (Fig. 2C) , the collective SERS intensities reflect a highly skewed or long-tailed TPD distribution similar to that described by Equation (5). Then, the R 2 values moderately decrease until the full range of SERS intensities are utilized (X = 100%) (Fig. 3) . This observation is consistent with the general Pareto principle and experimental SM SERS intensity distributions studies, 21, 22 thus this threshold was chosen in further analysis for the development of our quantification model.
The constructed SERS intensity histograms, containing the top 20% of hotspots, were fitted with a power function for the diagnostic TAMRA peak 1370 cm -1 at the three different concentration levels in the picomolar regime (Fig. 4) . The high coefficient of determination (R 2 ) values (> 0.9) demonstrate a strong power relationship between TVP concentration and SERS intensity integrals (Table 1) . Since the experimentally obtained SERS intensity distribution fits well to the predicted long-tailed TPD distribution, we believe that the analytical model -based on single hotspot theory developed in Equation (3-5) -is suitable to describe the SERS enhancement mechanism of leaning nanopillars for TVP detection. By arbitrarily defining α=1+k, we can now rewrite Equation (5) for a given TVP concentration (C) as:
where the equation indicates that parameters α and A can possible depend on the analyte concentration. Even though A is assumed to be an intrinsic characteristic of the SERS substrate, the leaning nanopillars could potentially lump together in various three-dimensional 
configurations under different concentrations, thus changing the probability for a Raman tag (TAMRA) to be located close to a hotspot.
The SERS substrate is considered as a collection of distinct hotspots. The distribution of corresponding SERS intensities -to a first approximation -can be obtained by summing their respective intensities. Now, based on the experimentally obtained fitting parameters at the three picomolar concentration levels (Table 2) , it is reasonable to assume, that α and A may be (arbitrarily) represented as logarithmic functions of the analyte concentration with general forms:
where b, d, g and h are constants whose values are determined by logarithmic fits (Fig. S5A -B in ESI). Then we can express the SERS intensity distribution analytically as a function of concentration by substituting Equation (7-8) into (6) as:
For a given analyte concentration, the integral of the intensity distribution between the local intensity minimum (Imin) and maximum (Imax) values give the sum of all intensities (Isum) in a particular mapping experiment. More precisely, Imin and Imax are defined as the lowest (minima) and highest (maxima) experimentally determined hotspot intensity values in each experiment. Now, this integral can be expressed as a function of analyte concentration (C) such that:
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By substituting Equation (7) and (8) into Equation (11), we finally gain an analytical expression for the total intensity as a function of the TVP concentration, C:
It should be noted that in Equation (12) (Table 2) ; but this observation may be investigated in a future work using a more rigorous framework. Table 3) . The model fits the experimental data well in the tested picomolar concentration regimes and calls for further experiments to evaluate its feasibility in ultralow (femotmolar) analyte concentrations.
In order to minimize the variability in measurements for individual substrates with the same functionalization/treatment conditions, coefficient of variation (CV) analysis was used to determine the optimal mapping area (see Materials and Methods). This statistical method determines the extent of variability in relation to the mean of the population, i.e., it is a normalized measure of the dispersion in the intensity distribution obtained from the Raman mapping experiments. Nanopillar substrates functionalized with the vasopressin-specific aptamer and treated with 1 nM TVP were sampled using the CV algorithm, computing the mapping-to-mapping variability under the same substrate functionalization conditions. The 2D scatter plots in Fig. 6 indicate that the CV exponentially decays as the mapping area increases when the diagnostic TAMRA peak 1370 cm -1 is investigated. A total of 100 pixels -equivalent to a 10 µm × 10 μm SERS substrate area -are required to reach a variability threshold of 1% for both 1 pM and 100 pM TVP concentrations ( Fig. 6A-B) . Thus, the CV analysis verified that the measurements from the different substrates were not statistically different, using at least square mapping areas of ~100 (Table 4 ). We then estimated that less than ~20 molecules per cluster would be probed by a single SERS measurement at 1 pM TVP concentration. This estimation suggests the possibility of SM detection, just one order of magnitude away, using this statistical SERS quantification method.
CONCLUSIONS
In this paper, we have developed a novel statistical method for quantifying trace amounts of biomolecules (TAMRA-labeled vasopressin) by SERS using a rigorous mathematical derivation. This method was built upon a theoretical framework dealing with the enhancement factor distribution around a single surface-enhanced Raman scattering hotspot and its relation to 
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SERS detection over a large substrate area. We demonstrated that the experimentally obtained SERS hotspot data fits the analytical predictions well in the picomolar concentration regimes studied here. We hypothesize that this quantification framework could be generalized for planar SERS substrates, in which the nanostructured SERS features can be approximated as a closely spaced electromagnetic dimer problem. We also showed that our approach is robust in terms of experimental repeatability. Finally, we demonstrated the potential for SM detection by estimating the number of analyte molecules probed in the Raman scattering volume during each laser excitation using the Langmuir Isotherm. This opens up an exciting opportunity for future work focusing on the optimization of SERS substrates, surface functionalization methods and data acquisition strategies for potential SM SERS studies.
MATERIALS AND METHODS
Experimental Protocol. The nanopillar SERS substrate was functionalized with vasopressin-specific aptamer sequences, then TVP samples were prepared as described in our previous work (see Materials and Methods). 25 TVP samples in the concentration range of 1 pM to 100 pM were used. Next, the aptamer functionalized substrates were incubated with the TVP samples for 1 hr at 37 °C in a thermal cycler (Eppendorf AG, Germany) to provide optimal conditions for the aptamer-vasopressin binding. Then, the substrates were transferred into vasopressin buffer solutions and kept at 37 °C for 15 min to remove unbound molecules. Lastly, the substrates were briefly rinsed once with deionized water to prevent salt aggregation on the dried substrates. shown, along with an intensity scale bar with a maximum intensity value of 4.00 × 10 3 counts. Table 4 Number of TAMRA-labeled vasopressin (TVP) molecules on the SERS biosensor.
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Summary of approximating calculations estimating the total number of TVP molecules adsorbed on the SERS substrate surface and the total number of TVP molecules probed in the Raman detection volume. *E-mail: mirko.palla@wyss.harvard.edu (M.P).
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